We use a combination of the matrix product formalism and the Bethe ansatz technique to introduce a spin-one quantum chain with nearest neighbor interaction and find its ground and low-lying excited states in closed analytical form. The ground state has ferromagnetic order like the Heisenberg ferromagnetic chain. The matrix product formalism yields some of the low-lying excited states, which consist of entangled pairs |1, −1 + | − 1, 1 floating in the sea of spin 0' s, each pair contributing a definite amount of energy. Such states are quite non-trivial to find by any other methods. On the other hand, the Bethe ansatz technique produces other types of one-particle excited states which do not have a matrix product representation. Therefore these two methods complement each other in the study of this spin system. We also calculate the matrix elements of local and bi-local spin operators on these states.
Introduction
Quantum information theory and condensed matter physics, study many body systems on lattices from complementary points of view. While in condensed matter physics, one starts from a Hamiltonian and seeks to determine the ground state in some approximate form, in quantum information theory the emphasis is on the properties of quantum states, for the quantification of which many tools have been developed in recent years. The subject of Matrix Product States (MPS) lies at the borderline of these two disciplines, since in this formalism, one start from a quantum many body state with pre-determined properties, and then constructs a family of local Hamiltonians for which this state is an exact ground state. In this way one may find interesting many-body systems for which the ground state and all its properties, i.e. correlation functions, can be calculated in closed analytical form, a very rare situation which is usually welcomed in condensed matter and statistical physics.
The subject of MPS has a long history in condensed matter physics, the origins of which can be traced back to the work on AKLT models on quantum spin-one chains [1] , which was then formalized in [2, 3] under the name of finitely correlated spin chains or in [4, 5] under the name of optimal ground states. In its simplest version, which applies to translational-invariant systems on rings, a matrix product state generalizes a product uncorrelated state by replacing numbers by matrices in the following way
where A i , i = 1, · · · d are a set of matrices which are assigned to the local states |1 , · · · |d of a site. Here Z := tr(E N ), is a normalization constant and E := i A * i ⊗ A i . The dimensions of these matrices are arbitrary and are constrained by symmetry considerations and the details of model construction, i.e. the range of interaction. One can collect all the matrices in a vector-valued matrix A as follows
and write the matrix product state |ψ = i1,i 2 ,···i N ψ i 1 ,i 2 ,···i N |i 1 , i 2 , · · · i N as
where the trace is taken over the matrix indices and the tensor product acts on basis vectors, i.e. tr(A ⊗ B) := i,j (A i ) α,β (B j ) β,α |i, j .
The simple structure of the state (3) allows an exact calculation of correlation functions. For example one and two point functions of local operators are given by
where
In recent years, this formalism has been used in developing exactly solvable models in spin chains [4, 5, 6, 7] , spin ladders [8, 9, 10] , spin systems on two dimensional lattices [11, 12, 13] , and the study of entanglement properties of spin systems near the point of quantum phase transitions [14, 15, 16, 17] . It has also been used extensively to find the stationary states of many types of stochastic systems of interacting particles in one dimensional chains, see for example [18, 19, 20] .
A basic question is then whether we can construct general MPS and its parent hamiltonians having a set of specific symmetries for quantum chains of spins. For spin-one systems, the first model was the AKLT model [1] which had full rotational symmetry, constructed by the matrix
where |1 = | − 1 with the parent Hamiltonian
Then it was shown [4] that if one demands only rotational symmetry around the z axis in spin space, in addition to parity and spin-flip symmetry, a more general model can be constructed which is described by the matrix
where g is a continuous parameter and σ = ±1 is a discrete parameter.
The primary but not the main result of the present paper is to show that one can construct other one-parameter family of models which have the above symmetries. We will do this by overcoming an apparent limitation in the formalism, and will find an interesting model which has the above set of symmetries. However the main result of the present paper deals with a novel feature of the matrix product state which we report for the first time. In this model the matrix product depends on a continuous parameter, but the parent Hamiltonian does not, i.e.
Thus if we expand the matrix product state |ψ(g) in terms of the parameter g, in the form
we obtain a large number of states |ψ n , which all have the same energy and thus represent part of the degenerate ground state of the Hamiltonian. In this way the MPS plays the role of a generating state for a set of degenerate ground states of the Hamiltonian, none of which has a MPS representation. The degree of degeneracy of the ground state increases with system size, and each state |ψ n has a complicated structure, and can not be represented as a matrix product, and thus the calculation of any of its correlation functions, or even its normalization, is quite difficult. However from the fact that the generating state |ψ(g) is a matrix product state, we can determine such correlations in closed form. This is as far as one can go within the formalism of MPS, however we can add a term to the Hamiltonian which, while retains the symmetries of the Hamiltonian, removes the degeneracy. The new Hamiltonian now has a unique ground state which has ferromagnetic order and is of the form
The previous degenerate ground states now become the excited states of the new Hamiltonian. We will then elucidate the structure of these excited states which are linear combination of pairs of entangled states like |1, 1 ± |1, 1 floating in this sea of 0's. The greater the number of such pairs, the higher is the energy of these excited states. When dealing with multiple pairs of entangled states, we will show that they do not have an arbitrary pattern, but follow the pattern which is very similar to what is seen in the Majumdar-Ghosh model [21] . However these are only parts of the excited states which are obtained through the matrix product formalism. To complement these, we use the Bethe ansatz technique to find other excited states which can not be obtained in the matrix product formalism. Thus the important point which we want to elaborate on is that, when the matrix product formalism is combined with other methods, it can provide quite valuable information about a spin system, which could not be obtained by either method alone.
The structure of this paper is as follows: In section (2) we briefly review the matrix product formalism, with emphasis on the symmetry properties of the state and the parent Hamiltonian, in section (3) we introduce the spin-one chain which have the rotational symmetry around the z− axis and the discrete parity and spinflip symmetries, derive its parent Hamiltonian in terms of spin operators and study the properties of the matrix product state which is a generating function for the degenerate ground states of this Hamiltonian. In section (4) we show how to remove this degeneracy by adding a suitable term to the Hamiltonian and study the ground state and low-lying excited states of this new Hamiltonian. In section (5) Bethe ansatz technique is employed to construct some of the other low energy states which are not derivable from matrix product formalism. Finally in section (6) we calculate some of the correlation functions for these states. The paper ends with a conclusion.
Symmetries of matrix product state and its parent Hamiltonian
From (1) we see that the collections of matrices {A i } and {λU A i U −1 }, where λ is a scalar, both define the same matrix product state. This freedom allows us to study the symmetries of MPS. A MPS will be symmetric under parity provided that we can find a matrix Π such that
and invariant under spin flip transformation, if we can find a matrix Ω such that
As for continuous symmetries, consider a local symmetry operator R acting on a site as R|i = R ji |j where summation convention is being used. R is a d dimensional unitary representation of the symmetry. A global symmetry operator R := R ⊗N will then change this state to another matrix product state
A sufficient but not necessary condition for the state |Ψ to be invariant under this symmetry is that there exist an operator U (R) such that
Thus R and U (R) are two unitary representations of the symmetry, respectively of dimensions d and D. In case that R is a continuous symmetry with generators T a , equation (13) , leads to
where T a and T a are the d− and D−dimensional representations of the Lie algebra of the symmetry.
A symmetric MPS need not be the ground state of a symmetric family of Hamiltonians. To find the symmetric family of Hamiltonians we should construct the Hamiltonian in a specific way. Let us first review how the Hamiltonian is constructed in general. From a matrix product state, the reduced density matrix of k consecutive sites is given by
The null space of this reduced density matrix includes the solutions of the following system of equations
Given that the matrices A i are of size D×D, there are D 2 equations with d k unknowns. Since there can be at most D 2 independent equations, there are at least d k − D 2 solutions for this system of equations. Thus for the density matrix of k sites to have a null space it is sufficient that the following inequality holds
Let the null space of the reduced density matrix of k consecutive sites, denoted by V k , be spanned by the orthogonal vectors |e α ,
Then we can construct the local hamiltonian acting on k consecutive sites as
where J α 's are positive constants. These parameters together with the parameters of the vectors |e α inherited from those of the original matrices A i , determine the total number of coupling constants of the Hamiltonian. If we call the embedding of this local Hamiltonian into the sites l to l + k by h l,l+k then the full Hamiltonian on the chain is written as
The state |Ψ is then a ground state of this hamiltonian with vanishing energy. The reason is as follows:
where ρ l,k+l is the reduced density matrix of sites l to l + k and in the last line we have used the fact that h is constructed from the null eigenvectors of ρ for k consecutive sites. Given that H is a positive operator, this proves the assertion. For the Hamiltonian to have the symmetries of the ground state, the basis vectors of the null space should be chosen so that they transform into each other under the action of symmetries and the couplings J α should be chosen appropriately.
Spin-one quantum chains with nearest neighbor interactions
As is clear from (17) a sufficient condition for the existence of a null space V 2 for a spin-one system is that the dimension of the matrices satisfy D 2 < 9 which restricts D to 1 and 2. The case of D = 1 has already been considered in [22] outside the framework of MPS formalism, and the case of D = 2 has been worked out in [1] and [4] as mentioned in the introduction. However we should emphasize that this is a sufficient and not a necessary condition and indeed we can take D ≥ 3 and still find a non-empty null space V 2 , since the system of equations may not all be independent of each other.
The matrix product state
Let us consider 3-dimensional matrices A 1 , A 0 and A 1 and demand rotational symmetry around the z axis in spin space. According to (14) , this is equivalent to the following equations
where S z = diagonal(1, 0, −1). The immediate solution of these equations is
where a, b, c, d, g, h and i are real parameters. By a transformation A i −→ SA i S −1 where S = diag(1, a, ab) we can set the parameters of A 1 equal to 1. Symmetry under parity now requires that there be a matrix Π such that 
Finally we come to the symmetry under spin flip |m −→ |m . It is readily seen that with these matrices the spin-flip symmetry is automatic, namely we have
in which
In order to guarantee that the matrix product state constructed in this way be the ground state of a Hamiltonian with nearest neighbor interaction, we consider the equation
which can be re-written as a matrix equation for the coefficients c kl in the form
To have a solution we set det(M ) = 0.
The determinant of M is readily calculated from its explicit form and is given by
The vanishing of the determinant puts constrains on the parameters, each choice leading to a different exactly solvable model. In this article, we study the model with the following parameters since it leads to a nontrivial and interesting hamiltonian:
where σ is a discrete parameter equal to ±1.
There are two continuous parameters, g and c, in the matrices A 0 , A 1 and A 1 none of which can be gauged away by any similarity transformation. However the final state depends on only one parameter. To see this, let us expand the MPS in terms of the states |ψ n which are defined to be linear superposition of all states which have n 0's. Since in the space of one spin, the operators A 1 and A 1 act as raising and lowering operators, the trace of any string of operators A 0 , A 1 and A 1 is non-vanishing only if this string contains an equal number of A 1 and A 1 . Thus any state |ψ n comes with a coefficient g n c N−n 2 . Consequently for the un-normalized MPS we have
Thus the normalized state and all the correlation functions will depend on only one single parameter, namely
. For this reason we can put c = 1 and so the MPS will depend on only one single parameter g. For clarity we rewrite the final form of the matrix which defines the MPS.
The Hamiltonian
It can be readily verified that the null space V 2 is spanned by the following two vectors:
These vectors are eigenvectors of the local S z operator, are invariant under parity and transform into each other under spin flip transformation. Therefore if we take the local symmetric Hamiltonian aŝ
where we have set a total multiplicative constant equal to unity, the final total Hamiltonian is spin-flip and parity invariant and moreover commutes with the third component of spin, i.e. [H, S z ] = 0. Writing this local Hamiltonian in terms of spin operators and adding all local terms we obtain the full Hamiltonian on the chain as
(37) We now note that the Hamiltonians with σ = 1 and σ = −1 have the same thermodynamic properties, since they can be mapped into each other by a unitary operator. In fact it is easily verified that
where we have taken N to be an even number and R is a global rotation of the type
For this reason we hereafter consider only the model H(σ = 1) and study its properties in detail. For definiteness and easy reference we write this Hamiltonian below and denote it simply by H:
4 Removing the degeneracy, ground state and low-lying excited states
The interesting point about this model is that the MPS depends on a continuous parameter g while the Hamiltonian does not. The dependence of the state on this parameter is a genuine dependence and can not be gauged away by a similarity transformation A m −→ U A m U −1 . This means that the ground state is degenerate and part of this degeneracy is captured by the MPS. Let us expand the MPS in terms of powers of g in the form
such that in each term only n A 0 's exist.
In view of (34) and the definition of MPS (3) the powers of g enumerate the number of 0's in each state and so each |ψ n is a superposition of states each of which has exactly n local 0's and an equal number of 1's and 1's. Note that since we have taken N to be even, the above restriction implies that n is also an even number. It is better to switch to a more transparent notation for these states, that is we define
where now in |φ n , n counts the number of (1, 1) pairs. For example we have
All the states |φ n have the same energy for H. We can remove this degeneracy by adding the term
z,i where J > 0 to (40) and define a new Hamiltonian
Since J > 0, the term N i=1 S 2 z,i is a positive operator added to an already positive Hamiltonian and this makes the state |φ 0 = |000 · · · 0 the unique ground state of H ′ with zero energy. The states |φ n will be the low-lying excited states of H ′ . Since these terms are already the ground states of H and also of the added term we will have
Up to now we have found the simple structure of the ground state |φ 0 . What is the structure of the states |φ n ? How the states |φ 1 , |φ 2 and |φ n look in general?
Let us find the explicit form of the one-pair state |φ 1 , which are defined by replacing two of the A 0 's in |φ 0 by A 1 and A 1 . The explicit form of such an unnormalized state is given by
where by |1, 1 i,j we mean a state in which 1 and 1 occur in places i and j of the chain. This means that the normalized excited state is obtained by exciting any two of the 0's to an entangled state |α := |1, 1 + |1, 1 . Such entangled states float in the sea of the particles in spin 0 states. Let us call these one-pair states. According to (46), the energy of such a one-pair state is equal to 2J. Exciting two pairs of 0's to entangled states |α will raise the energy further by an extra amount of 2J. The pattern of excitation is the same as in the Majumdar-Ghosh model [21] , since the matrices which define the matrix product state have similar properties (see [7] for a detailed proof). We first state the results and then substantiate our argument with a summary of the proof in [7] . First consider the one-pair states. By considering the definition of |α ij = (|1, 1 + |1, 1 ) ij we have
Consider now any 4 sites i < j < k < l and define the following two states, which are reminiscent of the pattern of pairing in the Majumdar-Ghosh model:
Then with exactly the same reasoning which unravels the structure of the ground states of the Majumdar-Ghosh model [21] , we find that |φ 2 = |φ = 0. These three conditions restrict the admissible patterns to all arbitrary sequences composed of 11 and 11 (where we have ignored the interspaces 0's). The resulting state will then be the one we have stated above. It can be verified that the individual states |φ 
as eigenstates of H ′ with energy given by 6J. This pattern continues to arbitrary number of excitations, i.e. to arbitrary n.
Bethe Ansatz solution
So far we have obtained those low-lying states of H ′ which are obtainable within the matrix product formalism. More eigenstates can be obtained by the Bethe ansatz technique. For this we note from (35) and (36) that the Hamiltonian conserves the number of 1's and 1's separately. In fact the local Hamiltonian just hops forward and backward the 1's and 1's in the background of 0's. Let n 1 and n 1 denote respectively the number of 1's and 1's. Then in each sector of the Hilbert space, with fixed n 1 and n 1 , the Hamiltonian can be diagonalized independently. Call this sector H n 1 ,n 1 and use the notation |k 1 , k 2 , · · · k n 1 , l 1 , l 2 , · · · l n 1 ∈ H n 1 ,n 1 to denote a state with 1 in positions k 1 < k 2 < · · · k n 1 and 1 in positions l 1 < l 2 < · · · l n 1 . To describe how Bethe ansatz allows us to find eigenstates of the Hamiltonian in each sector, we start with the simplest case, namely the one-particle sector H 1,0 , with basis states |k . Then it is easily seen from (35) and (36) that
Taking a state like |ψ = k ψ k |k will give a simple recursion relation for ψ k whose solution will yield the one particle eigenstates:
with energy E r = 4 sin 2 πr N . Coming to the two particle sector H 2,0 , we take a state |Ψ 2,0 = 1≤k<l≤N ψ k,l |k, l and use the easily verified actions of H on the states |k, l
which are nothing but hopping the 1's forward and backward without putting them on top of each other, to solve the eigenvalue equation H|Ψ 2,0 = E|Ψ 2,0 . We find
The equations (56) and (57) can be united into the single equation (56) in the whole region k < l provided that we impose the boundary conditions
The solution of equation (56) is simply given by
with
where u and v are arbitrary parameters and S is an appropriate coefficient inserted to satisfy the boundary condition (58). Inserting (61) in (58) leads to
Demanding that (61) with (63) satisfies the boundary conditions (59) and (60) requires that the following equations be satisfied:
The solution of this pair is simply given by
These are the Bethe ansatz equations which will give the solution of two particle states. The eigenstate is just a combination of two spin waves which scatter off each other with scattering coefficient S. The same eigenvalue is obtained with the same reasoning in the Hilbert subspace H 0,2 . Let us now consider the subspace H 1,1 . A general state in this sector should be written as
It is convenient to rewrite this as
where |α k,l has been defined before and
It is now straightforward to verify that exactly the same equations as in (55) govern the action of H on the states |α k,l and |β k,l , separately, that is the states |α k,l and |β k,l do not get mixed under the action of H. This means that both λ k,l and µ k,l satisfy the same system of equations as in (56)and (57) and the boundary equations (58),(59), and (60). Since λ k,l = 0 or µ k,l = 0 is a valid solution of both the equations (56)and ( (57) and the boundary conditions, we conclude that there are two independent eigenstates of H and hence H ′ with exactly the same energy as in (62) and the same coefficients as in (61), namely
where both λ k,l and µ k,l are given by the right hand side of (61). When we come to three particle sectors, like H 3,0 . It is not difficult to see that the same boundary condition as in (58), applied to any two adjacent particles, namely
is sufficient to uniform all the recursion relations in a single relation, namely
The solution of this recursion relation is simple, it is given by the Bethe-Ansatz wave function:
where the scattering coefficients are given by (63). This pattern repeats in sectors with higher number of particles.
Correlation functions
The ground state, being ferromagnetic has quite simple correlation functions. In this section we will calculate some relevant correlation functions for the low-lying excited states, |ψ n . These have a complicated structure rendering the calculation of any correlation functions of local operators very difficult. However since the generator of these states, i.e. |ψ(g) is a matrix product states, any correlation function can be calculated in closed form for this generating state. The coefficients of this expansion will then give the relevant correlation functions on |ψ n 's. As the simplest example, we can calculate the normalization of such states. Define the operator
which counts the number of 0's of any state. We have Q|ψ n = n|ψ n . Moreover this operator commutes with the Hamiltonian. Since A 0 = gI and the matrices are 3-dimensional, we have
Since ψ m |ψ n = 0 for m = n, we have
For the left hand side we have ψ(g)|ψ(g) = tr(E N ). For the present model the eigenvalues of E are
where the numbers inside parentheses indicate the multiplicity of each eigenvalue. Thus we find
Comparing this with (75) gives the following normalization for the states:
ψ n |ψ n = 3δ n,N + 2 N n (2 + √ 2 N −n ).
In the same way we can also calculate the two point functions ψ n |S 1 z S r z |ψ n . We again use the fact that ψ m |S 1 z S r z |ψ n = 0 for m = n and hence 
From (4) It is seen that for r = 2 the correlation function vanish in the thermodynamic limit, and for r = 2 it is given by |ψ 
Discussion
We have shown how by combining the matrix product formalism with the Bethe ansatz technique, one can obtain useful information for the low-lying states of a quantum spin chain. We have used the matrix product formalism to define a spin one system, having specified continuous and discrete symmetries. This model has the peculiar feature that its ground state depends on a continuous parameter, while its parent Hamiltonian does not. This means that the ground state is highly degenerate. This degeneracy has been removed by adding a term to the Hamiltonian which has turn the degenerate states to the low-lying states of the new Hamiltonian. The original matrix product state now plays the role of a generating function of part of the low energy spectrum of the Hamiltonian and by its suitable manipulation one can extract useful information about this part of the spectrum. One may be inclined to discard many model Hamiltonians and their matrix product ground states, simply due to non-uniqueness of their ground state. What we have shown is that this nonuniqueness property may be an advantage in itself which when used properly, can lead to quite useful information about closely related Hamiltonians. We think it will be interesting to have a fresh new look and a systematic investigation at the problem of non-uniqueness of ground states in the matrix product formalism.
